Rules for integrands of the form (f x)™ (d + e x?)? (a + bArcSinh[cx])"
1. j(fx)'" (d+ex?)? (a+bArcSinh[cx])"dx when e = c*d
1. J(fx)"' (d+ex?)? (a+bArcSinh[cx])"dx when e==c?d A n>@

1. J.x (d+ex2)p (a+bArcsinh[cx])"dx when e==c’d A n>@

dx when e=c?>d A nez*

; J~x (a+bArcsinh[cx])"

d+ex?

Derivation: Integration by substitution

Basis: If e == C2 d, then =— - iSubst[Tanh[x], X, ArcSinh[c x]] 6xArcSinh[c x]

d+e x?

Note: If nez*,then (a+bx)"Tanh[x] is integrable in closed-form.

Rule:If e == c2d A n e Z*,then

x (a+bArcsinh[cx])" 1
j dx — — Subst[J(a +bx)" Tanh[x] dx, x, ArcSinh[c x]]
d+ex? e

Program code:

Int[x_(a_.+b_.*ArcSinh[c_.*x_])"n_./(d_+e_.*x_"2),x_Symbol] :=
1/exSubst[Int[ (a+bxx) *nxTanh[x],x],x,ArcSinh[cxx]] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”2xd] && IGtQ[n,q]



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

2: J-x (d+ex*)? (a+bArcSinh[cx])"dx whene=c?d An>8 A p#-1

Derivation: Integration by parts and piecewise constant extraction

2\ P+l
Basis: X (d +e xz) P .. 5, (d+ex?)"

2e (p+1)

. 1
Basis: Ox (a + b ArcSinh[c x])" == ben(asbArcSinhiex])”
x ( Lex}) Ny

+ 2)P
Basis: If e c24d, then Oy {drext)” 0

(1+c2x2)P

Rule:If e==c?2d Anse A p¢-1,then

Jx (d+ex*)? (a+bArcSinh[cx])" dx

(d+ex2)p+1 (a+bArcsinh[cx])" bcn (d+ex2)p+1 (a+bAr‘cSinh[cx])"'1
- dx
- 2e (p+1) 2e(p+1)J m
(d+ex2)"":l (a+bArcsinh[cx])" bn (d+ex?)? 1 )
— - J(1+c2x2)p+? (a+bArcsinh[cx])"" dx
2e (p+1) 2c (p+1) (1+c2x?)P

Program code:

Int[x_x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.xx_])"n_.,x_Symbol] :=

(d+exx~2)~ (p+1) » (a+bxArcSinh[cxx])*n/ (2xex (p+1)) -

bxn/ (2xcx (p+1) ) *Simp[ (d+e*xx"2) *p/ (1+c 2xx*2) *p] *Int [ (1+c"2%x72) N (p+1/2) * (a+b*ArcSinh [c*x] ) A (n-1) ,x] /3
FreeQ[{a,b,c,d,e,p},x] && EqQ[e,c*2xd] && GtQ[n,0] && NeQ[p,-1]



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

2. J(fx)'" (d+ex*)? (a+bArcsinh[cx])"dx whene=c’d An>8 Am+2p+3=10

dx whene=c?2d A nez*

.. J- (a+bArcsinh[cx])"

d+ex)

Derivation: Integration by substitution

Basis: If e == C2 d, then =1 Sub t[+, X, ArcSinh[c x]] dxArcSinh[c x]

Cosh[x] Sinh[x]

1
x (d+ex?)

Rule:If e == c2d A n e Z*,then

(a+bArcsinh[cx])" (a+bx)"
J- dx — — Sub [J dx, X, ArcSinh[c x]]
x (d+ex?) Cosh[x] Sinh[x]

Program code:

Int[(a_.+b_.*ArcSinh[c_.#x_])"n_./(x_*(d_+e_.*x_"2)),x_Symbol] :=
1/d+Subst[Int[ (a+bxx)~n/(Cosh[x]+Sinh[x]),x],x,ArcSinh[c*x]] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c”*2xd] && IGtQ[n,q]

2: J(-Fx)'" (d+ex*)? (a+bArcsinh[cx])"dx whene=c?d AN>8 Am+2p+3=0 Am#-1

Derivation: Integration by parts and piecewise constant extraction

Basis: If m+2p+3=0,then (£x)" (d+ex?)? = o, L0 (dext)™

df (m+l)

: -1
Basis: Ox (a + b ArcSinh[c x])" == ben(asbArcSinhlex])?
«{ Lex]) Ny

Basis: If e=c2d, then s, {2:2X)" . o

(1 2 Z)P

RUleZ If e=c2d A n>0Am+2p+3==0Am¢—1,then



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

j(fx)"' (d+ex*)? (a+bArcsinh[cx])"dx

(-Fx)'"+1 (d+ex2)"+1 (a+bArcsinh[cx])" bcn J\(-Fx)'"” (d+ex2)p+1 (a+bArcsinh[c x])"'1

N - dx
df (m+1) df (m+1 Newrs
£x)™* (d 2) P+l b ArcSinh n b d 2)p
. ( x) ( +exd)TC (a+ rcSin [cx]) ) cn((+eX2) z)pJ‘(fX)mu (1+czxz)p+§ (a+bAr‘cSinh[cx])"'1dlx
(m+1) fm+1) (L+c%x

Program code:

Int[(f_.#x_) m_(d_+e_.*x_"2)"p_x(a_.+b_.»ArcSinh[c_.*x_])"n_.,x_Symbol] :=

('F*x)" (m+1) » (d+exx"2) ~ (p+1) » (a+b*Ar‘cSinh [c*Xx] ) "n/(d*'F* (m+1)) -

bxcxn/(Fx (m+1) ) +Simp[ (d+exx"2) Ap/ (1+c 2xx 2) Ap] +Int [ (Fxx)~ (M+1) x (1+C 24X"2) A (p+1/2) » (a+bxArcSinh[cxx] )~ (n-1),x] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & EqQ[e,c 2xd] && GtQ[n,0] & EqQ[m+2#p+3,0] & NeQ[m,-1]



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

3. J(fx)'" (d+ex?)? (a+bArcSinh[cx])"dx whene=c2d An>8 A p>0
1. J(fx)’" (d+ex*)? (a+bArcsinh[cx]) dx when e=c*d A p>0
1. j(fx)'“ (d+ex?)” (a+bArcSinh[cx]) dx when e=c*d A pez*

1. J(_Fx)m (d+ex2)p (a+bArcSinh[CX]) dx when e==c?>d A pez* A m;—lez'

(d+ex?)? (a+bArcSinh[cx])
1:J dx when e==c>d A pez*

X

Derivation: Inverted integration by parts

Rule: If e=c?d a pez*, then

(d+ex?)” (a+bArcSinh[cx])
J dx —

X

(d+ex?)? (a+bArcsinh[cx]) bchJ(l 1) ax df (d+ex?)P* (a+bArcsinh[cx])
+ +
2p 2p

X

Program code:

Int[(d_+e_.#x_"2)"p_.(a_.+b_.*ArcSinh[c_.+x_])/x_,x_Symbol] :=
(d+exx~2) “p (a+bxArcSinh[cxx]) / (2xp) -
bxcxd”p/ (2xp) *Int [ (1+c 2xx*2) "~ (p-1/2) ,Xx] +
dxInt[ (d+exx"2)" (p-1) x (a+bxArcSinh[cxx]) /x,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[e,c*2xd] && IGtQ[p,9]

2: J(fx)"' (d+ex®)? (a+bArcSinh[cx]) dx when e=c?’d A pez* A '";1 ez”

Derivation: Inverted integration by parts

Rule:Ife == c>d A pez* A ™% ez, then

dx



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

f x d+ex a+bArcSinh[cx]) dx —
m 2\p

(-F x)"”l (d +e xz)p (a +bArcSinh[c x])

£ (m+1)
bc dP ;
; < J(f x)"I+1 (1+c2x?) P 7ax- fzzi J.(-F x)rl1+2 (d+e xz)'{"1 (a+bArcsinh[cx]) dx
(m+1) (m+1)

Program code:

Int[(f_.*x_) m_«(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.*x_]),x_Symbol] :=
(Fxx)~ (m+1) % (d+exx"2) Apx (a+bxArcSinh[cxx]) /(fx (m+1)) -
bxcxd p/ (Fx (me1) ) #Int[ (Fxx) " (M+l) * (1+c 2xx72) ~ (p-1/2) ,X] -
2xexp/ (FA2% (m+1) ) #Int [ (Fxx) " (m+2) » (d+exx"2) ~ (p-1) » (a+b*ArcSinh[cxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] && IGtQ[p,0] && ILtQ[(m+1)/2,0]

2: J(fx)'" (d+ex*)? (a+bArcSinh[cx]) dx when e=c*d A pez*

Derivation: Integration by parts

Rule:If e == c?d A p € Z7, let u= [(fx)" (d+ex)Pax, then

J(-Fx)"' (d+ex?)? (a+bArcSinh[cx]) dx — u (a+bArcSinh[cx]) —ch\;dlx

V1+c2x?

Program code:

Int[ (f_.*x_) m_x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.*x_]),x_Symbol] :=
With[{u=IntHide[ (fxx)"mx (d+exx"2)"p,x]},
Dist [a+bxArcSinh[c#x],u,x| - bxcxInt[SimplifyIntegrand[u/Sqrt[l+c”2+x"2],x]1,x]|] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && IGtQ[p,0]



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

2: jx'" (d+ex*)? (a+bArcsinh[cx]) dx when e=c?d A p—%ez A p;é—% A (%ez*v "”—ZZEGZ‘)

Derivation: Integration by parts and piecewise constant extraction

i s __ bc
Basis: Ox (a + bArcSinh[c x]) == v
" Basis: If e = c2d, then 6, 42X __ g
’ ewoa
~ Note:If p - ez A (MEezrv ™22 ez then v (d+ex)?axis an algebraic function not involving logarithms,

inverse trig or inverse hyperbolic functions.

Rule:ife=c?d Ap-2eczAps-3 A (MEez v ™22 c77) let u- v (d+ex)°ax, then

" 2 . . u bcVd+ex? u
Jx (d+ex?)? (a+bArcsinh[cx]) dx — u (a+bArcSinh[cx]) —bcj—dlx — u (a+bArcCosh[cx]) - J dx
V1+c2x? Vi1+c?2x? Vd+ex?

Program code:

Int[x_"m_x (d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.+x_]),x_Symbol] :=
With[{u=IntHide [x"m« (d+e*x"2)"p,x]},
Dist [a+bxArcSinh[cxx],u] -
bxcxSimp [Sqrt [d+exx"2] /Sqrt[1+c 2xx2] ] +Int [SimplifyIntegrand [u/Sqrt[d+exx2],x],x]] /;
FreeQ[{a,b,c,d,e},x] & EqQ[e,c”2xd] & IntegerQ[p-1/2] & NeQ[p,-1/2] & (IGtQ[(m+1)/2,0] || ILtQ[ (m+2%p+3)/2,0])



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

2. J(fx)"‘\/d+ex2 (a+bArcsinh[cx])"dx when e==c’d A n>@
1: J(fx)"'\/d+ex2 (a+bArcsinh[cx])"dx whene=c2d A n>0 A m<-1

Derivation: Inverted integration by parts
Note: The piecewise constant factor in the second integral reduces the degree of din the resulting antiderivative.
Rule:If e=c2d An>e Am< -1, then

J(fX)mm (a+bArcsinh[cx])"dx —
(_FX)"le/m(a+bAr‘cSinh[<:X])rI

f (m+1)

bcnVd+ex?
fm+1) V1+c2x?

dx

c2Vd+ex? J-('Fx)'"+2 (a+bArcsinh[cx])"
 me1) Vis v

J(f x)"I+1 (a+bArcsinh[cx] )"'1 dx -

Program code:

Int[(f_.*x_) m_sSqrt[d_+e_.xx_"2]«(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=

(F2x)~ (m+1) xSqrt [d+exx 2]  (a+bxArcSinh[cxx] ) *n/ (fx (m+1)) -

bxcxn/(fx (m+1) ) +Simp[Sqrt[d+exx"2]/Sqrt [1+c 2xx 2] ] »Int [ (fxx)~ (m+1) x (a+bxArcSinh[cx])~(n-1),x] -

€2/ (FA2x (m+1) ) xSimp [Sqrt [d+exx 2] /Sqrt [1+c 2xx 2] [ +Int [ (fxx)~ (m+2) « (a+bxArcSinh[cxx]) n/Sqrt[1+c 2+x"2],X] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] & GtQ[n,0] && LtQ[m,-1]



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

2: j(fx)m\/d+exz (a+bArcsinh[cx])"dx when e=c’d A nez*A (m+2€Z*V n=1)

Derivation: Inverted integration by parts
Note: The piecewise constant factor in the second integral reduces the degree of din the resulting antiderivative.
Rule:if e==c2d AnheZ*A (m+2eZ*V n=1),then

J(fx)”m (2 +barcsinhicx])" ax —
(f x)'"+1 Vd+ex? (a+bArcsinh[cx])"

f (m+2) B

bcnVd+ex?
f(m+2) V1+c?x?

dx

Vd+ex? j(fx)'"(a+bArcSinh[cx])"
m+2) Viec2x® Vieczx®

J(-F x)"I+1 (a+bArcsinh[cx]) " dax+

Program code:
Int[(f_.*x_)"m_sSqrt[d_+e_.xx_"2]«(a_.+b_.*ArcSinh[c_.*x_])~n_.,x_Symbol] :=
(-F*x)"(m+1)*Sqr't[d+e*x"2]*(a+b*Ar‘cSinh[c*x])"n/(f*(m+2)) =
bxcxn/(fx (m+2) ) xSimp [Sqrt[d+exx"2] /Sqrt [1+c 2xx 2] ] »Int [ (fxx)~ (m+1) x (a+bxArcSinh[cxx])~(n-1),x] +

1/ (m+2) +Simp [Sqrt [d+e+x"2]/Sqrt[1+c 2+x"2] ] +Int[ (f+x)~m (a+bxArcSinh[cxx]) n/Sqrt[1+c 24x~2],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c"2xd] && IGtQ[n,0] & (IGtQ[m,-2] || EqQ[n,1])

3. J-(-Fx)'" (d+ex?)? (a+bArcsinh[cx])"dx whene=c’d An>8 A p>@

1: j(fx)'“ (d+ex?)” (a+bArcSinh[cx])"dx whene=c?d An>@0 A p>0 Am<-1

Derivation: Inverted integration by parts

Rule:If e==c2d Ans>o A p>0/\m<—1,then



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

f x d+ex a+bArcSinh[cx]) dx —
m 2\p n

(Fx)™" (d+ex?)” (a+bArcsinh[cx])"

£ (m+1)
b d 2\P 1
_2ep j(fx)"”z (d+ex2)p'1 (a+bArcsinh[cx])"dx - cn(dex) J.(-Fx)'"+1 (1+c*x*)P"7 (a+bArcSinh[c x])"'1 dx
2 (m+1) f(m+1) (14+c2x%)P

Program code:

Int[ (f_.*x_) m_x(d_+e_.*x_"2)"p_.*(a_.+b_.xArcSinh[c_.*x_])*n_.,x_Symbol] :=

(F*x) (m+1) » (d+exx"2) *px (a+bxArcSinh[cxx] ) n/ (fx (m+1)) -

2xexp/ (FA2% (m+1) ) #Int [ (Fxx) " (m+2) » (d+exx"2) ~ (p-1) » (a+b*ArcSinh[cxx])*n,x] -

b*c*n/(f* (m+1) ) xSimp[ (d+exx"2) Ap/ (1+c"2%x"2) *p] *Int [ (F#x)" (M+1) % (1+C 2%x"2) ~ (p-1/2) » (a+bxArcSinh[cx])~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] & GtQ[n,0] && GtQ[p,0] & LtQ[m,-1]

10



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

2: J(-Fx)"' (d+ex*)? (a+bArcsinh[cx])"dx when e=c*d An>0 Ap>0 Am¢-1

Derivation: Inverted integration by parts

Rule:If e=c2d aAn>earp>0a m¢ -1, then
f(fx)"' (d+ex?)? (a+bArcsinh[cx])"dx —

(Fx)™" (d+ex?)” (a+bArcsinh[cx])"

+

f(m+2p+1)
de m 2 -1 . n bcn(d+ex2)p m+1 2.2 L . n-1
—J(fx) (d+ex*)P™ (a+bArcsinh[cx])"dx - J(fx) (1+c*x*)P"7 (a+bArcSinh[cx] )" dx
m+2p+1 fm+2p+1) (1+c2x?)P

Program code:

Int[ (f_.*x_) m_x(d_+e_.*x_"2)"p_.*(a_.+b_.xArcSinh[c_.*x_])*n_.,x_Symbol]| :=

(F2x) A (m+1) * (d+exx"2) Apx (a+bxArcSinh[cxx])An/ (fx (m+2xp+1)) +

2xd+p/ (m+2xp+1) »Int [ (F*x) *mx (d+exx2) ~ (p-1) x (a+b*ArcSinh[cxx])*n,x] -

b*c*n/(f* (M+2%p+1) ) #Simp[ (d+exx*2) ~p/ (1+c2#x"2) *p] *Int [ (Fxx) " (M+1) # (1+c24x"2) ~ (p-1/2) » (a+bxArcSinh[cxx])* (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && GtQ[n,0] & GtQ[p,0] && Not[LtQ[m,-1]]

11



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

4: J-(fx)'" (d+ex*)? (a+bArcSinh[cx])"dx whene=c’d An>80 Am+lez"

Rule:If e=c2d Ans>e A m+1€Z‘,then
J(-Fx)"1 (d+ex?)” (a+bArcSinh[cx])"dx —

(Fx)™" (d+ex?)*" (a+bArcsinh[cx])"

df (m+1)
2 > b d 2)P :
MJ(fX)"‘*Z (d+ex?)? (a+bArcSinh[cx])"dx - cn(d+ex) J(fx)m’l (1+c*x*)P"7 (a+bArcSinh[c x])"'ldlx
2 (m+1) f (m+1) (1+c2x2)p
Programcode:

Int[(f_.*x_) m_x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=

('F*X) A(Mm+1) * (d+exx"2) ~ (p+1) * (a+b*Ar'cSinh [c*X] ) "n/(d*-F* (m+1) ) -

C 2% (m+2*p+3)/(f"2* (m+1) ) *Int [ ('F*X) A(M+2) * (d+exx"2) px (a+b*Ar'cSinh [c*xXx] ) "n,x] -

bxcxn/ (fx (m+1) ) +Simp[ (d+exx"2) Ap/ (1+c 2xx"2) Ap] +Int [ (Fxx)~ (M+1) x (1+C 24X"2) A (p+1/2) » (a+b*ArcSinh[cxx] )~ (n-1),x] /;
FreeQ[{a,b,c,d,e,f,p},x] & EqQ[e,c 2xd] && GtQ[n,0] && ILtQ[m,-1]

5. j(fx)'" (d+ex2)p (a+bArcsinh[cx])"dx whene=c>d An>0 A p<-1 Amez

1: J(-Fx)'" (d+ex?)? (a+bArcSinh[cx])"dx whene=c’d An>@0 A p<-1Am-1lez*

Derivation: Integration by parts
dre x2)P?

e 2\P __
Basis: x (d+ex ) = 0% e ipi1)
Rule: |fe==c2d/\n>0/\p<—1/\m—1ez*,then

J(-Fx)"1 (d+ex?)” (a+bArcSinh[cx])"dx —

f(f x)""1 (d+e xz)p+1 (a+bArcsinh[cx])"

2e (p+1)

12



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

2 (m-1) bfn (d+ex?)P

2e (p+1)

J(f x)""2 (d+ex?) p+1 (a+bArcsinh[cx])"dx - J(-F x)""1 (1+¢? xz)p"; (a+bArcsinh[cx] )"'1 dx

2c (p+1) (1+c2x?)P

Program code:

Int[(f_.*x_)" m_x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
Fx (Fxx) A (m-1) » (d+exx"2) ~ (p+1) » (a+bxArcSinh[cxx])~n/ (2+ex (p+1)) -
F 2% (M-1) / (2xex (p+1) ) »Int[ (fxx) " (M-2) » (d+exx"2) ~ (p+1) » (a+bxArcSinh[c*x])*n,x]| -
b*f*n/(z*c*(p+1))*Simp[(d+e*x"2)"p/(1+c"2*x"2)"p]*Int[(-F*x)"(m—l)*(1+c"2*x"2)"(p+1/2)*(a+b*ArcSinh[c*x])"(n—1),x] /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] && GtQ[n,0] && LtQ[p,-1] && IGtQ[m,1]

2: J(fx)'" (d+ex?)? (a+bArcsinh[cx])"dx whene==c?d AnN>0 A p<-1 Amez"

Rule:If e=c2d An>e Ap<-14 meZ‘,then
J(-Fx)"' (d+ex?)? (a+bArcSinh[cx])"dx —

(f x)"'+1 (d+e xz)p+1 (a+bArcsinh[cx])"

- +

2df (p+1)
b d 2\p
m+2p+3 J-(fx)'"(d+ex2)p+1 (a+bArcsinh[cx])"dx+ cn(d+ex’) J.(fx)'“*l (1+c2x2)""; (a+bAr~cSinh[cx])"'1d1x
2d (p+1) 2f (p+1) (1+c2x?)P

Program code:

Int[(f_.#x_) m_(d_+e_.*x_"2)"p_x(a_.+b_.»ArcSinh[c_.*x_])"n_.,x_Symbol] :=

- (f*x) A(M+1) x (d+exx”2) A (p+1) * (a+b*Ar‘cSinh [c*X] )"n/(Z*d*'F* (p+1) ) +

(M+2#p+3) / (2%dx (p+1) ) *Int [ (Fx) “m# (d+exx"2) ~ (p+1) » (a+bxArcSinh[cxx])~n,x]| +

bxcxn/(2xFx (p+1) ) #Simp[ (d+exx"2) Ap/ (1+c 2xx2) Ap] +Int [ (Fxx) " (M+1) » (1+C 2%X 2) " (p+1/2) » (a+bxArcSinh[cxx] )~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] 8&& GtQ[n,0] & LtQ[p,-1] && Not[GtQ[m,1]] & (IntegerQ[m] || IntegerQ[p] || EqQ[n,1])
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Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

6: J\(1=x)"'(d+ex2)p (a+bArcsinh[cx])"dx whene=c’d AnN>0 Am-1eZ*Am+2p+1#80

Rule:If e=c2dAn>eam-1ez A m+zp+1¢e,then
J‘(-Fx)"1 (d+ex?)” (a+bArcSinh[cx])"dx —

f(f x)""1 (d+e xz)p+1 (a+bArcsinh[cx])"

e(m+2p+1)

2 (m-1) bfn (d+ex?)?

—J.(-Fx)m'2 (d+ex2)p (a+bAr‘cSinh[c x])"d]x— j(fx)""l (1+ c? xz)p"; (a +bArcSinh[c x])"'1 dx
c2(m+2p+1) c(m+2p+1) (1+C2X2)p

Program code:

Int[(f_.#x_) m_(d_+e_.*x_"2)"p_x(a_.+b_.»ArcSinh[c_.*x_])"n_.,x_Symbol] :=
fx (f*x) A(m-1) x (d+exx"2) ~ (p+1) * (a+b*Ar'cSinh [c*X] )"n/(e* (m+2xp+1)) -
F 2% (M-1) / (€2 (M+2xp+1) ) »Int[ (Fxx) " (m-2) » (d+exx"2) "px (a+b*ArcSinh[cxx])*n,x]| -
bxfxn/ (Cx (M+2xp+1) ) +Simp[ (d+exx 2) Ap/ (1+c 2xx"2) Ap] »Int [ (Fxx) " (M-1) # (1+c 24x"2) A (p+1/2) » (a+bxArcSinh[cxx])~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f,p},x] & EqQ[e,c 2xd] && GtQ[n,0] && IGtQ[m,1] && NeQ[m+2xp+1,0]
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Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n 15

2. J(-Fx)'" (d+ex*)? (a+bArcsinh[cx])"dx when e==c?’d A n<-1

1: J(fx)"‘ (d+ex*)? (a+bArcSinh[cx])"dx whene=c?d An<-1 Am+2p+1==0

Derivation: Integration by parts and piecewise constant extraction

Basis: (atbArcSinh[cx)" __ 5 (a+b ArcSinh[c x])"*!
: == Ox

Newer be (n+l)
fm (fx)"? (drex?)P
Fx)"\J1+c?2x? (d+ex?)P| =
(Fx) ( ) N

Basis:If e == c2d A m+2p +1 == 9, then

p
Basis: If e == c2 d, then 6y {drex)” g

<1+C2X2>p
Rule:lf e==c2d An<-1 Am+2p+1-=0,then
J(-Fx)"' (d+ex?)? (a+bArcSinh[cx])"dx —

(Fx)"Vi+c2x? (d+ex?)P (a+bAr‘cSinh[cx])n+1 fm (d+ex?)P

bc (n+1) bc(n+1) (1+c*x?)

; J(f x)""1 (1+c? xz)p'; (a+bArcsinh[c x])n+1 dx

Program code:
Int[ (F_.*x_)™m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.xx_])"n_,x_Symbol] :=
(F2x) AmxSqrt [1+c 24x72] * (d+exx"2) Apx (a+bxArcSinh[cxx] )~ (n+1) / (bxcx (n+1)) -

fxm/ (bxCx (n+1)) +Simp[ (d+exx"2) ~p/ (1+c"2#x"2) *p] *Int [ (Fxx) " (M-1)  (1+c"24x"2) ~ (p-1/2) » (a+bxArcSinh[cxx]) " (n+1) ,x]| /;
FreeQ[{a,b,c,d,e,f,m,p},x| & EqQ[e,c 2xd] && LtQ[n,-1] && EqQ[m+2+p+1,0]

2: J(fx)"' (d+ex®)? (a+bArcSinh[cx])"dx whene==c?d A n<-1 A 2pezZ*Am+2p+1#0

Derivation: Integration by parts and piecewise constant extraction



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n 16

:.. (a+b ArcSinh[cx])" (a+b ArcSinh[c x]) "1
Basis: o == Oy be (nel)
Basis: If e == c2d,then o, | (Fx)"\/1+c2x* (d+ex?)P| = fm(Fx)"7 (drex?)” | c? me2p+d) (FX)™ [drex’)”
: x N FVLici

+ 2)P
Basis: If e == c? d, then 64 Ldex)” g

(1+c2x2)? o
Rule:if e==c2d An<-1 A2peZ*Am+2p+1%0,then

J(fX)m (d+ex?)? (a+bArcsinh[cx])"dx —

(£x)"V1+cZx® (d+ex?)® (a+bArcSinhicx])™?

bc (n+1)
-Fm(d+ex2)p

J(-F x)'"'1 (1+c? xz)p'; (a+bArcsinh[c x])"+1 dx -
bc (n+1) (1+C2x2)'J

c(m+2p+1) (d+ex2)p

J(-F x)"'+1 (1+¢? xz)p'% (a+bArcSinh[c x])"":l dx
bf (n+1) (1+c2x?)P

Program code:

Int[(f_.#x_)™m_.#(d_+e_.xx_"2)"p_.x(a_.+b_.*ArcSinh[c_.#x_])"n_,x_Symbol] :=

('F*x) AmxSqrt[1+c 2xx"2] * (d+exx"2) *p* (a+b*Ar'cSinh [c*X] ) "(n+1)/(b*c* (n+l1)) -

fxm/ (bxCx (n+1)) #Simp[ (d+exx"2) ~p/ (1+C"2#x"2) Ap] *Int [ (F*x)" (M-1) # (1+c 2#Xx"2) ~ (p-1/2) » (a+bxArcSinh[cxx])~ (n+1) ,x] -

c* (m+2*p+1)/(b*f* (n+1) ) #Simp[ (d+exx"2) *p/ (1+c 2xx"2) ~p] *Int [ (Fx) " (m+1) % (1+C"24x"2) ~ (p-1/2) » (a+bxArcSinh[c#x] )~ (n+1) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] & LtQ[n,-1] && IGtQ[2xp,0] && NeQ[m+2xp+1,0] && IGtQ[m,-3]

3: J(fx)"' (d+ex?)? (a+bArcSinh[cx])"dx whene==c?d A n<-1 A 2pez A p;é—%

Derivation: Integration by parts and piecewise constant extraction

Basis: (a+b ArcSinh[cx])" __ 5 (a+b ArcSinh[c x])M?
: == Ox

142 X2 bc (n+l)



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

Basis: If e == c? d, then
m 2,2 2\p| __ m-1 2,2 2\p , 2 (2p+l) (Fx)™* (drex?)P
(FX)"\[1+c2x?* (d+ex?)P| =fm (fx)"1/1+c?x? (d+ex?)’+ e

+ 2)P
Basis: If e == c? d, then 64 Ldex)” g

(1+c2 xz)p o

Ox

Rule:If e==c?d An<-1A2peZ Ap#-73,then

j(fx)'" (d+ex*)? (a+bArcsinh[cx])"dx

(Fx)" Visc2x? (d+ex?)? (a+bArcsinh[cx])™?
~ -

bc (n+1)

f
AL J(f x)""1 V1+c*x* (d+ex?)? (a+bArcSinh[c x])ml dx -

bc (n+1)

c(2p+1) ‘J-(fx)"”l (d+ex?)? (a+bAr‘cSinh[cx])"":l
dx

bf (n+1) VIzax

(Fx)" Visc2x® (d+ex?)? (a+bArcsinh[cx])™?
_ -

bc (n+1)

fm (d+ex?)?

J(-F x)""1 (1+c? xz)’“; (a+bArcsinh[c x])I1+1 dx -
bc (n+1) (1+c2x?)°

c(2p+1) (d+ex?)?

J(-F x) mel (1+c? xz)p'; (a+bArcsinh[c x])n+1 dx
bf(n+1) (1+c2x?)°

Program code:

(» Int[(f_.#x_) m_.#(d_+e_.#x_"2)"p_.(a_.+b_.*ArcSinh[c_.#x_])"n_,x_Symbol] :=
(F#x) *mxSimp [Sqrt [1+c" 24X 2] * (d+e#x"2) Ap] * (a+bxArcSinh[cxx] )~ (n+1) / (bxcx (n+1)) -
fxm/ (bxcx (n+1)) #Simp [ (d+exx 2) ~p/ (1+c 24x"2) Ap] *Int[ (F*x)" (m-1) # (1+c 24x"2) A (p+1/2) » (a+bxArcSinh[cxx])~ (n+1) ,x] -
C*(2*p+1)/(b*f*(n+1))*Simp[(d+e*xA2)Ap/(1+cA2*xA2)Ap]*Int[(f*x)“(m+1)*(1+cA2*xA2)A(p—1/2)*(a+b*ArcSinh[C*x])A(n+1),x] /3
FreeQ[{a,b,c,d,e,f,m,p},x| & EqQ[e,c 2xd] && LtQ[n,-1] & IntegerQ[2+p] && NeQ[p,-1/2] && IGtQ[m,-3] x)
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Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

dx when e ==c?d

3 J« (fx)" (a+bArcsinh[cx])"

d+ex

(fx)" (a+bArcsinh[cx])" )
1.j dx whene=c*d A n>90

Vd+ex?

(fx)" (a+bArcsinh[cx])"
1: J dx whene=c*d An>0 Am-1ez*

d+ex

Rule:lf e==c2d An>0 A m-1¢€Z", then

J(fx)m (a+bArcsinh[cx])"
X —
Vd+ex?
f (-Fx)m'l‘\/d+ex2 (a+bArcsinh[cx])"

em

bfnV1+c?x?

(a+bArcsinh[cx])"

J(-F x)'"'1 (a+bArcsinh[cx] )“'1 dx -
cZm

mVd+ex?

Program code:

Int[(f_.+x_)"m_s(a_.+b_.*ArcSinh[c_.+x_]1)n_./Sqrt[d_+e_.*x_"2],x_Symbol]
fx (Fxx) A (m-1) xSqrt [d+exx"2] x (a+bxArcSinh [cxx])~n/ (exm) -

1‘2(m-1)J~(1CX)""2

Vd+ex?

bxfxn/ (cxm) +Simp[Sqrt[1+c 2+x"2] /Sqrt[d+exx 2] ]+Int [ (f#x)~ (m-1) x (a+b*ArcSinh[cxx] )" (n-1),x] -

FA2x (m-1) / (c72xm) +Int[ ((F4x)~ (m-2) # (a+bxArcSinh[cxx])~n) /Sqrt[d+exx"2],x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[e,c"2+d] && GtQ[n,0] && IGtQ[m,1]

dx

18



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

dx whene=c2d Anez*Amez

. J« X" (a+bArcsinh[cx])"
Vdrex?

Derivation: Piecewise constant extraction and integration by substitution

Basis: If e == c2 d, then o, Y2 _ o

d+e x?

Basis: If m € z, then , X, ArcSinh[c x]] 8xArcSinh[c x]

1+c2 x?

Note: If nez*, then (a+bx)"sinn[x] is integrable in closed-form.

Rule:lif e == c2d A nez" A me zZ,then
x" (a+bArcSinh[cx])" 1+c2x?
J dx — —Subst[J(a+ bx)"Sinh[x]" dx, x, ArcSinh[c x]]
Vd+ex? c™1Vd+ex?

Program code:

Int[x_"m_x (a_.+b_.*ArcSinh[c_.xx_])"n_./Sqrt[d_+e_.*x_"2],x_Symbol] :=
1/c” (m+1) xSimp [Sqrt [1+c 2xx"2] /Sqrt[d+exx2] | xSubst [Int[ (a+bxx)~nxSinh[x]~m,x],x,ArcSinh[c*x]] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[e,c”2xd] && IGtQ[n,0] && IntegerQ[m]

(fx)" (a+bArcsinh[cx])
3:-[ dx whene==c>d A m¢Zz

Vd+ex?

Rule:If e == c2d A m ¢ Z,then

J(fx)” (a+bArcsinh[cx])
dx —
Vd+ex?
(-Fx)m+1 1+c?x* (a+bArcSinh[cx]) . 1 1+m 3+m )
Hyper‘geometr‘chFl[;, ) B ) , —-C x]—

fm+1) Vd+ex?
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Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

bc ('Fx)""'z'\l1+c2x2
f2 (m+1) (m+2) Vd+ex?

Hyper‘geometr‘icPFQ[{l, 1+ g, 1+ g}, {Z + E, 2+ E}, -c? xz]

Program code:

Int[(f_.#x_)™m_x(a_.+b_.*ArcSinh[c_.*x_])/Sqrt[d_+e_.*x_"2],x_Symbol] :=
(Fxx) A (m+1) /(Fx (m+1) ) +Simp [Sqrt[1+c 24x72] /Sqrt[d+exx2] ] » (a+bxArcSinh[cxx])
Hypergeometric2F1[1/2, (1+m) /2, (3+m) /2,-C"2%Xx"2] -
bxcx ('F*x) A (m+2)/(-F"2* (M+1) * (m+2) ) *Simp [Sqrt[1+c”2xx*2] /Sqrt[d+exx"2] ]
HypergeometricPFQ[{1,1+m/2,1+m/2},{3/2+m/2,2+m/2},-Cc"2xx"2] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && Not[IntegerQ[m]]



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

dx whene=c?2d A n<-1

). J~ (Fx)" (a+bArcsinh[cx])"

d+ex

Derivation: Integration by parts and piecewise constant extraction

:e. (a+b ArcSinh[cx])" (a+b ArcSinh[c x]) "1
Basis: = == Ox be (nel)
2 2 m-1 2 y2
Basis: If e -- 2 d then @X (fx)"virefx? __ fm (fx) Va1+cx
v d+e x? V d+e x?
. 2,2
Basis: If e == c? d, then 64 Vi g

v/ d+e x2

Rule:If e == ¢2d A n < -1, then

J(fx)'“ (a+bArcsinh[cx])"
dx —
Vd+ex?
(Fx)"V1i+c2x? (a+bAr‘cSinh[cx])n+1 fmV1+c2x? )
- (Fx)"" (a+bArcsinh[cx])
bc(n+1) Vd+ex? bc(n+1) Vd+ex?

Program code:
Int[(f_.#x_)™m_.#(a_.+b_.*ArcSinh[c_.*x_])~n_/Sqrt[d_+e_.#x_"2],x_Symbol] :=
(F2x)~m/ (bxcx (n+1) ) +Simp [Sqrt [1+c 2xx 2] /Sqrt[d+exx"2] ]+ (a+bxArcSinh[cxx])" (n+1) -

fxm/ (bxcx (n+1) ) xSimp [Sqrt [1+c 2xx"2] /Sqrt [d+exx 2] [ xInt[ (fxx)~ (m-1) « (a+bxArcSinh[cxx])~(n+1),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[e,c 2xd] && LtQ[n,-1]

4: Jx’“ (d+ex?)? (a+bArcsinh[cx])"dx when e==c?d A 2p+2€Z* A mez*

Derivation: Piecewise constant extraction and integration by substitution

n+l

dx
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Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

p
Basis: If e == c? d, then 64 {dvex?)” 0

(1+c2x2>p o

Basis: If m € z, then
X" (1+c?x?)P =

! Subst{Sinh[—%+ﬂ’“cosh[_%+ }2p+1

X
b cm+1 b

Note:If 2p+2 e Z* A meZ",thenx sinh[-2+ X]"cosh[-2 + X]?* is integrable in closed-form.

Rule:if e==c?2d A 2p+2eZ*A me Z*, then

jx'" (d+ex*)? (a+bArcsinh[cx])"dx

(d+ex?)? .
— WJX“‘ (1+c*x*)? (a+bArcsinh[cx])" dx
1+coX

— (d+ex2)” Subst[Jx“Sinh[—E+E]mCosh[—E+E]2p+l

dx, x, a+bAr‘cSinh[cx]]
b ™1 (1+ 2 Xz)p

Program code:

Int[x_"m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.xArcSinh[c_.xx_])"n_.,x_Symbol] :=
1/ (bxc” (m+1) ) *Simp [ (d+exx"2) *p/ (1+C 2xX 2) *p] *
Subst [Int[x nxSinh[-a/b+x/b] mxCosh[-a/b+x/b]"(2#p+1),X]|,X,a+bxArcSinh[c*x]] /;
FreeQ[{a,b,c,d,e,n},x] &% EqQ[e,c*2xd] &% IGtQ[2xp+2,0] && IGtQ[m,0]

5: J(fx)'" (d+ex*)? (a+bArcsinh[cx])"dx when e=c?d A p+ieZ+A '";1 ¢zZ*

Derivation: Algebraic expansion

Rule:If e == c?d A p+ 2 ez" A ™+ ¢z, then

» X, a+bArcSinh[cXx] | Ox (a+bArcSinh[c x])

22



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n 23

a+bArcsinh[cx])"

Vd+ex?

J(f x)" (d+ex*)? (a+bArcsinh[cx])"dx — J( ExpandIntegr‘and[(f x)" (d+ exz)"";J x] dx

Program code:
Int[(f_.*x_)~m_x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcSinh[c_.+x_])"n_.,x_Symbol] :=

Int[ExpandIntegrand [ (a+bxArcSinh[c+x]) An/sqrt[d+exx"2], (Fxx) "mx (d+exx"2) ~ (p+1/2) ,x],x]| /;
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[e,c"2xd] && IGtQ[p+1/2,0] && Not[IGtQ[ (m+1)/2,0]] && (EqQ[m,-1] || EqQ[m,-2])

2. J(fx)'“ (d+ex?)? (a+bArcSinh[cx])"dx when e# c2d

1: jx (d+ex2)ID (a+bArcsinh[cx]) dx whene# c>d A p#-1

Derivation: Integration by parts

Basis: If p # —1,thenx (d+ex?)P = g, 42Xl

2e (p+l1)

Rule:If e # c2d A p # -1, then

(d+ex2)p+1 (a+bArcsinh[cx]) bc (d+ex2)"":l
Jx (d+ex?)? (a+bArcSinh[cx]) dx — - J dx
2e (p+1) 2e (p+1) Vi+ce2x®

Program code:

Int[x_x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.xx_]),x_Symbol] :=
(d+exx"2) ~ (p+1) » (a+bxArcSinh[cxx]) / (2xex (p+1)) - bxc/ (2xex (p+1)) »Int[ (d+exx 2) " (p+1) /Sqrt[1+c 2xx*2],x] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[e,c”2xd] &% NeQ[p,-1]



Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

2: J(-Fx)'" (d+ex?)? (a+bArcSinh[cx]) dx whene# c>d A pez A (p>0 V mz;lez"A m+p<0)

Derivation: Integration by parts
Note: If % €Z"NpeZ Am+p=0,then [(£x)" (d+ex?)is arational function.

Rule:if e+ c>d ApezZ A (p>0V ™t ez Am+p=<0),let u-f(fx)" (d+ex’)"ax, then

j(fx)"' (d+ex?)? (a+bArcSinh[cx]) dx — u (a+bArcSinh[cx]) —ch‘;d}x

V1+c?x?

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (f*x) mx (d+e*x"2)"p,x]},

Dist[a+bsArcSinh[c#x],u,x]| - bxcxInt[SimplifyIntegrand[u/Sqrt[1+c”2+x"2],x]1,x]] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[e,c"2xd] && IntegerQ[p] & (GtQ[p,@] || IGtQ[(m-1)/2,0] && LeQ[m+p,0])
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Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

3: J(fx)'" (d+ex?)? (a+bArcsinh[cx])"dx whene# c2d Anez*Apez Amez

Derivation: Algebraic expansion

Rule:lff e+ c?’d AnezZ*ApeZ A meZ,then

J(-F x)" (d+ex*)? (a+bArcsinh[cx])"dx — J(a +bArcsinh[cx])" ExpandIntegrand[ (fx)" (d + e x*)?, x] dx

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcSinh[c_.*x_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcSinh[c#x])~n, (fxx)"m« (d+exx"2) p,x],x]| /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[e,c"2+d] & IGtQ[n,0] & IntegerQ[p] && IntegerQ[m]

U: [(£3)" (a+x')? (a s barcsion e )" ax

Rule:

j(fx)"' (d+ex?)? (a+bArcsinh[cx])"dx — f(fx)'" (d+ex?)? (a+bArcsinh[cx])" dx

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.xArcSinh[c_.*x_])"n_.,x_Symbol] :=
Unintegrable[ (fxx)~m« (d+exx"2) "px (a+b*ArcSinh[cxx])~n,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]
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Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n

Rules for integrands of the form (hx)™ (d + ex)P (f + gx)9 (a + bArcSinh[c x])"

1: j(hx)m(d+ex)p(f+gx)q (a+bArcsinh[cx])"dx whenef+dg=0 A c2d’+e?=0 A (p|q) ez+§ ApP-qz0 Ad>0 A §<0

Derivation: Algebraic expansion

Basis:If ef +dg =0 A c*d*+e’=0 A d>0 A & <0,then

(d+ex)P (f+gx)9 = (—%)q (d+ex)P (1+c*x?)?

Rule:if ef+dg=0 A c*’d*+e?==0 A (p|Qq) eZ+%/\p—q20/\d>0/\ £ <9, then

d2g)a
j(hx)'" (d+ex)? (f+gx)? (a+bArcSinh[cx])"dx — [——g] f(hx)'" (d+ex)P? (1+c*x*)% (a+bArcSinh[cx])" dx
e
Program code:
Int[ (h_.*x_)"m_.(d_+e_.xx_)"p_*(f_+g_.*x_)"q_x(a_.+b_.*ArcSinh[c_.+x_])~n_.,x_Symbol] :=

(-d~2xg/e) ~qxInt[ (hxx) *mx (d+exX) ~ (p-q) * (1+c 2xx"2) ~q« (a+b*ArcSinh[cxx])*n,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x] & EqQ[exf+dxg,0] 8&& EqQ[c 2xd"2+e"2,0] & HalfIntegerQ[p,q] && GeQ[p-q,0] & GtQ[d,0] && LtQ[g/e,0]

2: j(hx)'“(d+ex)" (F+gx)? (a+bArcsinh[cx])"dx whenef+dg=0 A c?d*+e?=0 A (p|q) ez+§ ApP-qz0 A - (d>0 A §<6)

Derivation: Piecewise constant extraction

ic _ 2 42 2 __ (d+ex)9 (f+rgx)4 __
Basis:If ef +d g ==0 A c®d” + e =0, then o L)t

Rule:if ef+dg=0 A c*d*+e*=8 A (p|q) €Z+2 AP-q=0 A - (d>0 A B <), then
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Rules for integrands of the form (f x)~m (d+e x~2)~p (a+b arcsinh(c x))~n 27

J(hx)m (d+ex)P (f+gx)? (a+bArcsinh[cx])"dx —

(_ ﬁg_) IntPart[q] (d rex) FracPart[q] (f +g X) FracPart[q]
e

J(h x)" (d+ex)P? (1+c*x*)? (a+bArcSinh[cx])" dx
(1 . cz Xz) FracPart[q]

Program code:

Int[ (h_.*x_)"m_.x(d_+e_.xx_)"p_*(f_+g_.*x_)"q_x(a_.+b_.*ArcSinh[c_.+x_])~n_.,x_Symbol] :=
(-d*2xg/e) ~IntPart[q] * (d+exXx) “FracPart[q] * (-F+g*x) “FracPart [q]/(1+c"2*x"2) “FracPart[q] =
Int[ (h*x) “m« (d+exx) " (p-q) * (1+C"2%x"2) *qx (a+bxArcSinh [c*x])*n,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x]| && EqQ[exf+dxg,0] && EqQ[c”2xd"2+e"2,0] && HalfIntegerQ[p,q] && GeQ[p-q,0]



